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We derive here the orbit equations of particles in naked singularity spacetimes, namely the
Bertrand (BST) and Janis-Newman-Winicour (JNW) geometries, and for the Schwarzschild black
hole. We plot the orbit equations and find the Perihelion precession of the orbits of particles in the
BST and JNW spacetimes and compare these with the Schwarzschild black hole spacetime. We find
and discuss different distinguishing properties in the effective potentials and orbits of particle in
BST, JNW and Schwarzschild spacetimes, and the particle trajectories are shown for the matching
of BST with an external Schwarzschild spacetime. We show that the nature of perihelion precession
of orbits in BST and Schwarzschild spacetimes are similar, while in the JNW case the nature of
perihelion precession of orbits is opposite to that of the Schwarzschild and BST spacetimes. Other
interesting and important features of these orbits are pointed out.
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I. INTRODUCTION
In General theory of Relativity (GR), many predic-
tions have been tested by observational evidence, such
as the precession of perihelion of orbits of mercury [1],
the bending of light near the sun [2], gravitational red
shift [3], and more recently the discovery of gravitational
waves [4]. In such a context, the gravitational collapse
of a massive star is the most interesting and fascinating
phenomenon in the universe. What is the final fate of
the massive star? Dynamical evolution of massive stars
within the framework of Einstein theory of gravity pre-
dicts that a spacetime singularity must arise as a collapse
end state, and ultra-strong gravity regions form [5–9].
Such very strong gravity regions also exist at the center
of a galaxy where so much matter is compacted in a very
small region.
As for predicting the final fate of massive stars in Ein-
stein gravity, in 1939, Oppenheimer and Snyder, and
Dutt, gave for the first time a dynamic collapse model
(OSD) [6],[7], where the star finally terminates into a
black hole as the end state of gravitational collapse. For
simplicity they took non-realistic assumptions such as the
density distribution being entirely homogeneous, the gas
pressure being totally neglected within the star, and such
others. In this case, the event horizon and apparent hori-
zon formed before the formation of central strong singu-
larity which is hidden within the black hole. However, if
we consider a more realistic inhomogeneous collapse, with
density higher at center and decreasing slowly as we move
away, the central strong singularity forms before the for-
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mation of event horizon and the apparent horizon, so the
singularity is at least locally visible, also called a naked
singularity [10–12]. More generally, many recent works
have shown that small inhomogeneity or pressures inside
the collapsing matter cloud allow for strong curvature
central singularity in Einstein gravity, which is locally or
globally visible.
The black hole as well as naked singularities, if they
occur in nature, would be physically and causally very
different entities, and may have quite different and dis-
tinct astrophysical signatures. To explore such possibili-
ties for some distinguishable observational signatures, we
consider here two specific naked singularity spacetimes as
test cases, namely the Bertrand and JNW geometries. In
[13],[14] astrophysical importance of Bertrand spacetimes
was discussed. The gravitational lensing and shadow due
to JNW naked singularity is discussed in [15], which
closely resembles with the shadow of a Schwarzschild
black hole. Gravitational lensing and accretion disk prop-
erties for these objects are investigated in [16], [17]. Also,
recently the black hole shadow was discovered [18]. It was
shown that similar shadow can be created by the JMN
naked singularity for some cases [19]. In [20–23], gravita-
tional lensing and shadow due to the ultra compact ob-
jects, wormholes and superspinars, is investigated. These
are all interesting and useful theoretical predictions in the
context of the recent observation of shadow of the M87
galactic center [24].
It follows that the theoretical predictions of possible
observational signatures of black hole and naked singular-
ity spacetimes, and their differences and similarities are
worth exploring. What we need is to understand carefully
these compact region geometries and their properties. In
such a perspective, understanding the perihelion preces-
sion of a particle in such spacetimes could be a challeng-
ing and useful issue in GR, which is usually treated in
terms of the timelike geodesics that the particles move
along in a given spacetime.
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2As we know, Einstein investigated the timelike
geodesics of a particle in Schwarzschild spacetime [27],
and he found the well-known perihelion precession for-
mula,
∆φ =
6piGM
c2 a(1− e2) ,
whereG is the gravitational constant, M is the total mass
of the central object, a is a semi-major axis and e is the
eccentricity of orbit. To calculate the perihelion preces-
sion, approximation method for weak gravitational field
was suggested by Kerner et.al.[28]. Higher order geodesic
deviations and orbital precession in Kerr-Newman space-
time was investigated in [29]. Charged particles moving
along circular orbits around the central body were exam-
ined to distinguish the black hole and naked singularity
[30]. Also, circular stable and unstable orbits around
configurations describing either black holes or naked sin-
gularities were considered in [31]. In a recent work we
also presented a study involving timelike geodesics in so
called JMN naked singularity spacetimes, comparing it
with black hole case [45].
From an observational perspective, it may be worth
noting that recently the UCLA galactic center group
demonstrated that short-period stars (e.g. S0-102 and
S0-2) orbiting around the super-massive black hole in
our galactic center can be successfully used to probe the
gravitation theory in a strong field regime [32]. Over past
17 years, the W.M. Keck observatory was used to image
the galactic center at the highest angular resolution pos-
sible today. They have detected S0-102, a star orbiting
our galaxys super-massive black hole, with a period of
just 11.5 [33] years. Also SINFONI gave the galactic
center data, and updates on monitoring stellar orbits in
the galactic center of our milky way are given [32–35].
This observational information can help us reveal the
nature of the central object SGR-A* of our Milky way
galaxy, which is considered to be a super massive black
hole with mass of about 106M. From such a context, it
is important to do a comparative study of the nature of
the timelike geodesics and perihelion precession in dif-
ferent singular spacetimes. Since the BST and JNW
spacetimes are static, non-vacuum solutions of Einstein
equations, timelike orbits in these spacetimes should be
distinguishable from the timelike orbits in the vacuum
black hole spacetimes, namely the Schwarzschild geome-
try, and this difference is reported in the present work.
So, we discuss here the timelike geodesics in the BST and
JNW spacetimes, both of which have a central naked sin-
gularity.
The plan of the paper is as follows. In section (II), we
discuss the timelike geodesics in BST and Schwarzschild
spacetimes in detail. We match the interior BST space-
time with exterior Schwarzschild spacetime on a hy-
persurface Σ, at a boundary r = Rb. We then com-
pare the perihelion precession of a particle in these two
spacetimes. In section (III), we discuss the timelike
geodesics in JNW spacetime and compare the same with
Schwarzschild spacetime. As we know, the JNW space-
time is asymptotically flat, so one need not match JNW
with Schwarzschild spacetime. JNW spacetime has a
scalar field effect, and we discuss the how this scalar
field changes the nature of orbits. In section (IV), we
derive an approximation solution of orbit equations of
BST, JNW, and Schwarzschild spacetimes and discuss
the different distinguishable properties of particles orbits
in those spacetimes. In section (V), we discuss the results
obtained here. Finally, in section (VI), we discuss con-
clusion and possible future work. Throughout the paper
we take G = c = 1.
II. TIMELIKE GEODESICS IN
SCHWARZSCHILD AND BST SPACETIMES
General expression of metric for a spherically symmet-
ric, static spacetime can be written as,
ds2 = −gtt(r)dt2 +grr(r)dr2 + r2(dθ2 + sin2 θdφ2) , (1)
where gtt(r), grr(r) are the metric components of the
spherical, static spacetime. The spherically symmetric,
static, vacuum solution of the Einstein equations can be
uniquely represented by a Schwarzschild spacetime [36].
One can write down the Schwarzschild spacetime in the
following form,
ds2SCH = −
(
1− M0Rb
r
)
dt2 +
dr2(
1− M0Rbr
) + r2dΩ2 ,
(2)
where M0, Rb are two constant parameters of this space-
time, and dΩ2 = dθ2 + sin2 θdφ2 is the line element on
sphere.
The above form of Schwarzschild spacetime can
be used also when there exist a spacetime structure
which has internal non-vacuum spacetime and exter-
nal static vacuum, which is Schwarzschild spacetime.
Using the above form of Schwarzschild spacetime, the
Schwarzschild radius (Rs) can be written as Rs = M0Rb,
therefore, total Schwarzschild mass MTOT =
M0Rb
2 . The
radial distance Rb is the matching radius, where a static,
spherically symmetric, non-vacuum spacetime can be
glued with an external Schwarzschild geometry. For this
type of spacetime structure, we need Rb > Rs, and there-
fore, 0 < M0 < 1. When a collapsing matter cloud virial-
izes before the formation of a black hole, then the above
mentioned spacetime structure can be formed. There are
many literature where the final state of collapsing matter
cloud is discussed elaborately [16, 37–43]. In [44], it is
shown that Bertrand spacetimes (BST) can be formed as
an equilibrium state of gravitational collapse. The line
element of BST can be written as,
ds2BST = −
(
2β2
1 + Rbr
)
dt2 +
dr2
β2
+ r2dΩ2 , (3)
3where, β and Rb are the constant parameters of this
spacetime. Perlick [25] first discovered this space-
time which admits closed, stable, circular orbits passing
through each point of the spacetime. This spacetime has
a central strong curvature singularity which is not cov-
ered by an event horizon.
From the above metric (eq. (3)), it can be seen that the
BST is not asymptotically flat. Therefore, to describe an
internal spacetime of a compact object by BST space-
time, we need to match this spacetime with an external
Schwarzschild spacetime at a timelike hypersurface. In
general relativity, maintaining two junction conditions
[48], one can smoothly glue two spacetimes at a spacelike
or timelike hypersurface. The first condition is that the
induced metric from the two sides (internal and external)
should be identical on a matching hypersurface, whereas
the second condition states that the extrinsic curvature
from the two sides should be identical on that match-
ing hypersurface. Extrinsic curvature of a hypersurface,
which is embedded in higher dimensional manifold, can
be expressed in terms of the covariant derivative of nor-
mal vectors on that hypersurface: Kab = e
α
ae
β
b∇αηβ ,
where eαa is the tangent vector on the hypersurface and
ηβ is the normal to that hypersurface. Now, if we want
to glue BST with Schwarzschild spacetime (eq. (3),(2))
smoothly at the timelike hypersurface, Ψ = r − Rb = 0,
we need to satisfy the following conditions [13],
β2 = 1−M0 , M0 = 1
3
, (4)
where the first condition comes from induced metric
matching and the second condition comes from the ex-
trinsic curvature matching. One can verify that with the
above junction conditions, the radial pressure of BST be-
comes zero at the matching hypersurface Ψ.
A. Analytic solution of orbit equation in
Schwarzschild and BST spacetimes
The angular part of the line elements, in eq. (3),(2),
shows spherical symmetry of the Schwarzschild and BST
spacetimes. Therefore, the angular momentum of a freely
falling particle is conserved. The conservation of energy
of the particle implies temporal symmetries in static BST
and Schwarzschild spacetimes. The conserved angular
momentum (h) and energy (γ) of a particle per unit mass
is given by,
hSCH = r
2 dφ
dτ
, γSCH =
(
1− M0Rb
r
)
dt
dτ
, (5)
hBST = r
2 dφ
dτ
, γBST =
(
2β2
1 + Rbr
)
dt
dτ
, (6)
where hSCH , γSCH and hBST , γBST are the conserved
angular momentum and energy per unit rest mass of a
freely falling particle in Schwarzschild and BST space-
times respectively. Here, τ is the proper time of the par-
ticle.
We know that the normalization of four-velocity for
timelike geodesics is, vµv
µ = −1. From the normalization
of four-velocity of a freely falling massive particle, we can
write the following effective potentials for Schwarzschild
and BST spacetimes,
(Veff )SCH =
1
2
[(
1− M0Rb
r
)(
1 +
h2SCH
r2
)
− 1
]
(7)
(Veff )BST =
1
2
[(
2β2
1 + Rbr
)(
1 +
h2BST
r2
)
− 1
]
, (8)
where we consider θ = pi/2 to confine the orbits of a par-
ticle on a plane. The effective potential plays a crucial
role on the shape and dynamics of the trajectories of par-
ticles. The total energy (E) of the freely falling massive
particle can be written as,
E =
grr(r)gtt(r)
2
(
dr
dτ
)2
+ Veff (r) (9)
where E = γ
2−1
2 . For stable circular trajectories of mas-
sive particles, one needs, Veff (rc) = E, V
′
eff (rc) = 0
and V ′′eff (rc) > 0, where rc is the radius of the stable
circular orbit. Using Veff (r) = E, V
′
eff (r) = 0, one
can write down the expressions of h and γ for a circular
timelike geodesic at a given radius. With Veff (r) = E,
V ′eff (r) = 0, a massive particle can have both stable
and unstable circular orbits. For stable circular orbits
we need another constraint, namely, V ′′eff (r) > 0. Using
Veff (r) = E, we can get perihelion (rmin: the radius
of minimum approach), and aphelion (rmax: maximum
approach), which are points on the bound non-circular
orbits of a particle. Therefore, we can define bound or-
bits of the freely falling massive particles in the following
mathematical way,
Veff (rmin) = Veff (rmax) = E ,
E − Veff (r) > 0 , ∀r ∈ (rmin, rmax). (10)
From the expression of effective potential in (7), we
can derive the expression of hSCH and γSCH for circular
timelike geodesics,
γ2SCH =
2 (r −M0Rb)2
r (2r − 3M0Rb) , h
2
SCH =
M0Rbr
2
(2r − 3M0Rb) .(11)
Using the expressions of conserved quantities for circular
geodesics, one can show that no circular orbit is possible
in the range: 0 ≤ r ≤ 3M0Rb2 . One can write this range
in terms of the total mass (MTOT ) as, 0 ≤ r ≤ 3MTOT ,
where MTOT =
M0Rb
2 . However, for stable circular or-
bit, we need to satisfy (V ′′eff )SCH > 0 along with above
4two conditions in eq. (11). In terms of the total mass
(MTOT ), the expression of (V
′′
eff )SCH can be written as,
(V ′′eff )SCH =
2MTOT
r
(
6MTOT − r
3MTOT − r
)
. (12)
Therefore, a massive particle can have stable circular or-
bit for r ≥ 6MTOT when the two conditions in eq. (11)are
satisfied. No stable circular orbit is possible below r =
6MTOT , and this minimum radius for stable circular or-
bit is known as Innermost Stable Circular Orbit (ISCO).
Similarly, from the effective potential of BST spacetime
(8), we can write down the following conditions for stable,
circular geodesics,
γ2BST =
4β2r
2r +Rb
, (13)
h2BST =
Rbr
2
2r +Rb
, (14)
(V ′′eff )BST =
2β2Rb
2r3 + 3r2Rb + rR2b
> 0 . (15)
From the above three equations, it can be understood
that for M0 < 1, unlike Schwarzschild spacetime, BST
spacetime has stable circular orbits of any radius. For
bound orbits in this spacetime, the conditions which are
stated in eq. (10), should be fulfilled. Now, with some
given conserved value of h and E, one can describe the
shape of an orbit of a massive particle, by showing how
radial coordinate r changes with azimuthal coordinate φ.
Using eq. (9) we get,
dφ
dr
=
h
r2
√
grr(r)gtt(r)√
2(E − Veff (r))
. (16)
Now, using the above equation one can define the follow-
ing second order differential equations for Schwarzschild
and BST spacetime respectively,
d2u
dφ2
+ u− 3M0Rb
2
u2 − M0Rb
2h2
= 0 . (17)
d2u
dφ2
+ β2u− γ
2Rb
4h2
= 0 . (18)
where u = 1r . From the above orbit equations, one
can get the information about the shape of orbits in
Schwarzschild and BST spacetimes and we can compare
them.
III. THE ORBIT EQUATION IN
JANIS-NEWMAN-WINICOUR (JNW)
SPACETIME
The JNW spacetime is static, spherically symmetric
and massless scalar field solution of Einstein equations
[26]. The Lagrangian density of minimally coupled scalar
field can be written as,
L = √−g
(
1
2
∂µΦ∂µΦ− V (Φ)
)
, (19)
with the minimal conditions: Rµν − 12Rgµν = κTµν ,
Φ(r) = V ′(Φ(r)), where the Φ is the scalar field,
R,Rµν , Tµν are the Ricci scalar, Ricci tensor, and energy-
momentum tensor respectively, and V (Φ) is the scalar
field potential and κ is a constant whose value can be
considered as 1 for G = c = 1 unit system. The
Energy-momentum tensor (Tµν) can be written as, Tµν =
∂µΦ∂νΦ − gµνL. JNW spacetime is an example of this
minimally coupled scalar field which has zero mass. This
spacetime is asymptotically flat, therefore, we need not
match theJNW spacetime with Schwarzschild spacetime.
The line element can be written as,
ds2JNW = −
(
1− b
r
)n
dt2 +
(
1− b
r
)−n
dr2 + r2
(
1− b
r
)1−n
dΩ2 , (20)
where, b = 2
√
M2 + q2 and n = 2Mb . M and q are
the two constant parameters of JNW spacetime, which
represent total mass and scalar field charge respectively.
From the expressions of b and n, we can write 0 < n < 1.
The massless scalar can be written as,
Φ =
q
b
√
4pi
ln
(
1− b
r
)
. (21)
If we consider n = 1 or q = 0, there will not be
any scalar field (Φ) effects and JNW spacetime becomes
Schwarzschild spacetime. As we know JNW spacetime is
static and spherically symmetric, so that conserved an-
gular momentum (hJNW ) and energy (γJNW ) per unit
rest mass of the freely falling particle in JNW spacetime
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FIG. 1: In these figures, effective potential and particle orbits in Schwarzschild and BST spacetimes are shown. Here, we use a
red line for Schwarzschild, while blue for BST. From the (1(b),1(c),1(e),1(f)), we can see that to reach one perihelion point to
the other perihelion point, the angular distance travelled by a particle is greater than 2pi. The black dark spots in the figure
(1(b),1(e)), show the black hole regions. The brown circles show the minimum approach of the particle near the center.
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FIG. 2: In this figure, we show the nature of the orbit of a particle (fig. (2(b),2(d))) and corresponding effective potential
(fig. (2(a),2(c))) when it crosses the matching radius Rb. In the fig. (2(b),2(d)) the dotted blue line shows what would be the
particle trajectory if there is no Schwarzschild spacetime outside and dotted red line shows what would be the particle orbit
when there is no BST spacetime inside. On the other hand, the solid blue line shows particles actual path in BST spacetime
and the solid red line shows particles orbit in Schwarzschild spacetime. The solid red and blue part of effective potential shows
the contribution of exterior Schwarzschild and interior BST spacetimes respectively.
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FIG. 3: In this figure, we show the effective potentials (fig. (3(a),3(d))) and the orbits of particles in Schwarzschild and JNW
spacetimes (fig. (3(c),3(f), 3(b),3(e))) for M = 0.025, q = 0.1 and q = 0.5. In this diagram, the blue line and red line correspond
to JNW and Schwarzschild spacetimes respectively and the dotted horizontal black line is indicating the total energy of the
freely falling particle. The brown circle shows the perihelion positions of a particle near the center and dark black region at
the center in diagrams (fig. (3(b),3(e))), shows the positions of the black holes. Here we consider Rb = 1.
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FIG. 4: Here, the effective potential (fig. (4(a),4(d))) and particle orbits in Schwarzschild and JNW spacetimes
(fig. (4(b),4(e),4(c),4(f))) are shown for M = 0.25, q = 3 and q = 10. It can be seen that for scalar field charge q = 3,
perihelion precession direction in JNW spacetime is Schwarzschild like, while, for scalar field charge q = 10, perihelion pre-
cession direction in JNW spacetime is opposite to the direction of precession in the Schwarzschild spacetime. Here, again we
consider Rb = 1.
9are given by,
hJNW = r
2
(
1− b
r
)1−n
dφ
dτ
,
γJNW =
(
1− b
r
)n
dt
dτ
, (22)
where τ is the proper time of the particle and we con-
sider θ = pi2 . From normalization of four velocity of a
freely falling massive particle, we can write the following
effective potential for JNW spacetime,
(Veff )JNW =
1
2
[(
1− b
r
)n(
1 +
h2JNW
r2
(
1− b
r
)n−1)
− 1
]
. (23)
Using the condition for stable circular orbits, we can
write down the expressions of h and γ for JNW spacetime
as,
γ2JNW =
(
1− b
r
)n [
2r − b(n+ 1)
2r − b(2n+ 1)
]
, (24)
h2JNW = r
2
[
bn
(
1− br
)1−n
2r − b(2n+ 1)
]
. (25)
For stability of circular orbits, as we know, we need
(V ′′eff ) > 0. However, for JNW spacetime, (V
′′
eff )JNW
is not always positive [15],[49]. For n < 0.447, at any
point in JNW spacetime, we have (V ′′eff )JNW > 0 and,
therefore a freely falling particle can have stable, circu-
lar orbit at any point in JNW spacetime. However, for
0.447 < n < 0.5, there exists one certain radial interval
(r−, r+) inside which no stable circular orbits are possi-
ble, where r− and r+ can be written as,
r− =
1
4
(
b (2 + 6n)− 4.472 b
√
n2 − 0.2
)
, (26)
r+ =
1
4
(
b (2 + 6n) + 4.472 b
√
n2 − 0.2
)
. (27)
In r− < r < r+, we always have (V ′′eff )JNW < 0 and,
therefore, stable circular orbits are not possible in that
interval of radial distance. However, outside this radial
interval stable circular orbits are possible, as there we
have (V ′′eff )JNW > 0. Now, for 0.5 < n < 1, there exists
the inner most circular orbit at rISCO, below which no
stable circular orbits are possible. Therefore, unlike BST
spacetime, JNW spacetime can have ISCO for 0.5 < n <
1. Using general method of finding orbit equation [45],
one can write the orbit equation of a particle freely falling
in JNW spacetime as,
d2u
dφ2
+ u+
bγ2
2h2
(2− 2n)(1− bu)1−2n − b(2− n)
2h2
(1− bu)1−n − 3bu
2
2
= 0 (28)
IV. APPROXIMATE SOLUTION OF ORBIT
EQUATIONS IN SCHWARZSCHILD, BST AND
JNW SPACETIMES
The approximate solution of the orbit equations can
be obtained by considering the small values of eccentric-
ity (e). In [45–47], this method is extensively discussed.
With this approximation, one can get important informa-
tion about the nature and shape of bound orbits which
are difficult to get from orbit equations.
We can write the approximate solution for the orbit
eq. (17) of Schwarzschild spacetime,
u˜ =
1
p
[
1 + e cos(mφ) +O(e2)
]
, (29)
where m and p are positive real numbers and u˜ = Rbu.
As we know, the solution of Newtonian orbit equation
can be written as u˜ = 1p [1 + e cos(φ)], therefore, with
the above approximation we can get modified expression
of p and m. In Newtonian mechanics, p = 2h
2
M0R2b
and m =
1. Therefore, perihelion precession cannot be possible in
Newtonian mechanics. Using the approximate solution
of orbit eq. (29), we can get the following expression of p
and m for Schwarzschild spacetime,
p =
1 +
√
1− 3M20R2bh2
M0R2b
h2
, (30)
m =
√
1− 3M0
p
, (31)
where, 0 < m < 1 and m > 1 implies that, starting from
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FIG. 5: Here, we show the regions of m > 1 and m < 1 in the parameter space of the scalar charge q and ADM mass M of the
JNW spacetime.
a perihelion point, a particle reaches another perihelion
point after travelling an angular distance of greater or less
than 2pi respectively. For Schwarzschild case, m is always
less than one [45] and therefore, in Schwarzschild space-
time, a particle has to travel an extra angular distance
(δφprec: precession angle) in between two successive per-
ihelion points. With the weak field approximation [45],
in Schwarzschild case, the precession angle δφprec can be
written as,
δφprec =
6piM2TOT
h2
.
As we previously mentioned, in this paper we compare
the bound orbits in JNW and Schwarzschild spacetimes,
and the bound orbits in a spacetime structure where it is
internally BST and externally Schwarzschild spacetime.
We basically show how a freely falling particle, with a
particular angular momentum and total energy, moves
in Schwarzschild spacetime, JNW spacetime and in the
BST spacetime structure. In Fig. (1), it is shown that the
minimum value of effective potentials in Schwarzschild
and BST spacetimes are inside the matching radius Rb =
1. It is possible to have particles’ whole trajectory inside
the matching radius Rb when the following inequality
holds,
Rb
h
> 3/2 . (32)
One can obtain the above inequality by considering the
minimum value of effective potential of BST spacetime
inside the matching radius Rb. With the above inequal-
ity, a particle needs to have certain amount of total en-
ergy to be inside the interior BST spacetime. From the
above condition, it can be understood that Rbh can have
arbitrary large values which gives bound trajectories of
particles inside the BST spacetime. However, to com-
pare with bound orbits in Schwarzschild spacetime, we
need angular momentum per unit rest mass of the parti-
cle h >
√
3M0Rb, which is explained in [45].
The approximate solutions of the orbit eq. (18), corre-
sponding to the BST spacetime can also be written for
small values of eccentricity e. We can write the eq. (18)
in the following form,
u˜
d2u˜
dφ2
+ (1−M0)u˜2 = Cδu˜2δ , (33)
where δ = 12 , Cδ =
γ2R2b
4h2 and u˜ = uRb. The solution of
eq. (33) can be written as,
u˜ =
1
p
[
1 + e cos(mφ) +O(e2)
]
. (34)
Using eq. (18) and eq. (34), we can get the following
expressions of p and m,
p =
4h2β2
γ2R2b
,
m = β . (35)
From the above expression of m, it can be seen that for
0 < M0 < 1, m is less than one. Therefore, in BST
spacetime, a freely falling massive particle always travels
greater than 2pi angular distance in between two succes-
sive perihelion points. Therefore, we get Schwarzschild
like precession in BST spacetime. Similarly, one can
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write the approximate solution of orbit eq. (28) corre-
sponding to JNW spacetime as,
u˜
d2u˜
dφ2
+Qu˜ = Ru˜2 + Su˜3 , (36)
where,
Q =
[
b2γ2(1− n)
h2
− b
2(2− n)
2h2
]
,
R =
[
b2γ2(1− n)(1− 2n)
h2
− b
2(2− n)(1− n)
2h2
− 1
]
,
S =
[
3
2
− b
2(2− n)(1− n)n
4h2
+
b2γ2(1− 2n)(1− n)n
h2
]
.
The solution of eq. (36) can be written as,
u˜ =
1
p
[
1 + e cos(mφ) +O(e2)
]
. (37)
where, p and m are positive number. Using eq. (28) and
(36) we can write the expression of p and m by neglecting
higher order terms of e,
p± =
R±
√
R2 + 4QS
2Q
, (38)
m =
√
Qp− 2R− 3S
p
, (39)
Using eq. (39), one can show that in JNW spacetime, we
have two types of precession. A freely falling particle, in
this spacetime, can travel greater or less than 2pi angular
distance in between two successive perihelion points.
V. RESULTS AND DISCUSSION
From the approximate solution of the orbit equa-
tion of BST, we get m = β. As β < 1 in BST
spacetimes, a freely falling massive particle have only
Schwarzschild like perihelion precession. In fig. (1(c),
1(f)), the Schwarzschild like precession of the particle
orbit in BST is shown, where for fig. (1(c)) we take
M0 = 0.05, h = 0.1, E = −0.03 and for fig. (1(f)) we
take M0 = 0.1, h = 0.3, E = −0.01. In fig. (2(b),2(d)),
the shape of particle orbit is shown, where the particle
crosses the matching radius Rb. It can be seen that due to
the effect of external Schwarzschild spacetime, the shape
of the bound orbit changes. In fig. (2(d)), one can see
that in Schwarzschild spacetime no bound orbit is possi-
ble. For M0 = 0.333, h = 0.4, E = −0.044, Rb = 1, we
can see that in Schwarzschild spacetime only the plunge
orbit is possible. However, due to the presence of inter-
nal BST spacetime, a particle can have bound trajectory,
although it has no bound orbits in Schwarzschild space-
time.
From the approximation solution of JNW spacetime,
we get the expression of m as written in eq. (39). In
fig. (5(a),5(b)), using eq. (39), we show the region of
m > 1 andm < 1 for the parameter space of scalar charge
q and ADM mass M . In fig. (3,4), we show the effective
potentials and the orbits of particles in Schwarzschild
and JNW spacetimes for different values of scalar field
charge (q) and ADM mass M . In the fig. (3(c),3(f)), we
can see that for M = 0.025, and q = 0.06, a freely falling
massive particle, in JNW spacetime, has Schwarzschild
like precession. On the other hand, if we increase the
scalar field charge to q = 0.5, orbit starts precessing in
reverse direction of particle motion.
One can verify that the points M = 0.025, q = 0.06
and M = 0.025, q = 0.5 lie inside the m < 1 and m > 1
regions in fig. (5(b)) respectively. In fig. (4(c),4(f)), it can
be seen that for M = 0.25, q = 3 we get Schwarzschild
like precession , and for M = 0.25, q = 10 we get the re-
verse precession of the orbits of a particle. In fig. (5(a)),
one can verify that the point M = 0.25, q = 3 lies in-
side m < 1 region and M = 0.25, q = 10 lies inside
m > 1 region. From b = 2
√
M2 + q2, we can get the
corresponding values of b for fig. (3(c),3(f),4(c),4(f)) as
b = 0.206, 1.00125, 6.00021, 20.0001 respectively.
We know that at r = b, JNW spacetime has a strong
curvature naked singularity. Therefore, one can see that
in fig. (3(f)), a freely falling particle in JNW spacetime
can have bound orbits very close to the central naked sin-
gularity. For the above mentioned values of b, we always
have n < 0.5. Therefore, for these cases, stable circu-
lar timelike orbits, passing through any point in JNW
spacetime, are possible.
VI. CONCLUSION
In the present paper, we investigated the timelike tra-
jectories of particles in the Schwarzschild, BST and JNW
spacetimes, in order to investigate the causal structure of
these spacetimes, and to understand the important dis-
tinguishable properties between them. This was mainly
to understand the presence or otherwise of the event hori-
zon, and possible physical implications in either case.
Following are some of the important differences which
can be identified from the nature of the timelike trajec-
tories in the black hole and naked singularity spacetimes:
• In the Schwarzschild spacetime, the perihelion pre-
cession of the bound timelike trajectories of a par-
ticle is always in the direction of the particle mo-
tion. As we know, for BST, we have m = β and
β < 1. Therefore, like the Schwarzschild spacetime,
in BST, particle orbits precess in the direction of
particle motion. However, for JNW naked singu-
larity spacetimes, m can be greater or less than
one, which is shown in fig. (5(a),5(b)). Therefore,
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unlike Schwarzschild spacetime, in JNW spacetime,
the particle bound trajectories can precess opposite
to the direction of particle motion.
• In the Schwarzschild spacetime, there exists an
Innermost Stable Circular orbit (ISCO) at r =
6MTOT , below which no stable circular orbits are
possible. On the other hand, in JNW spacetime,
for 0.5 < n < 1, there exists an ISCO. However,
for 0.447 < n < 0.5, other than r− < r < r+
(eq. (27,26)), stable circular orbits of any radius
are possible. For 0 < n < 0.447, there are no con-
strains on the radius of the stable circular orbits
of particles in JNW spacetime. We also show that
stable circular orbits of any radius are possible in
BST. In [45], it is shown that the Joshi-Malafarina-
Narayan (JMN) spacetimes which have naked sin-
gularity at the center, also have no ISCO. These
differences can cause distinguishable properties of
accretion disk, which could be possibly detectable
by our modern detectors available today [16],[19].
• In fig. (3(a),3(d),4(d),4(a)) and in fig. (1(d),1(a)),
we show that the effective potentials of JNW and
BST spacetimes become positive infinite at the cen-
ter. Therefore, in these two spacetimes, a freely
falling massive particle with non-zero angular mo-
mentum cannot reach the center and with a certain
amount of total energy a particle can be scattered
by the infinite potential barrier. However, unlike
BST and JNW cases, the effective potential in the
Schwarzschild spacetime becomes negative infinity
at the center. Therefore, a massive particle with
non-zero angular momentum and suitable total en-
ergy can plunge into the center.
For a better understanding of causal structure and
the mass and dynamics of the galactic center, we need
to study the timelike and lightlike geodesic behaviour
around the galactic center. As we know, GRAVITY and
SINFONI are continuously eyeing up the Milkyway galac-
tic center to get important observational data of stellar
motion around the center. There are many papers where
the bound timelike orbits of particles around black holes
and naked singularities are investigated [50–67]. In such a
context, we show in this paper that the timelike geodesics
of a freely falling particle in the JNW and BST naked sin-
gularity spacetimes can be significantly different from the
timelike geodesics in Schwarzschild spacetime.
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